Polynomials

Lesson ata Glance

1.

2.

In a polynomial p(x), the highest exponent of x is called the
degree of the polynomial.

Polynomials of degrees 1, 2 and 3 are called linear, quadratic
and cubic polynomials respectively.

If p(x) is a polynomial in x, and if & is any real number,
then the value obtained by replacing x by % in p(x), is called
the value of p(x) at x = k, and is denoted by plk).

If on substituting x = % in a polynomial p(x), we get p(k) = 0,
then k is said to be a zero of the polynomial.

Every real number is a constant polynomial.
0 is the zero polynomial.
The degree of a non-zero constant polynomial is zero.

Polynomials of one term, two terms and three terms are
called monomial, binomial and trinomial respectively.

243 + 522 — Tx + /3 is a polynomial in the variable x of
degree 3.

£52 4 x2 _ 7x + 3 is not a polynomial.

If the graph of a polynomial intersects x-axis at n points,
then the number of zeroes of the polynomial is 7.

12, If a linear polynomial is p(x) = ax + b, then zero of the

13.

polynomial
—(Constant term) -b
Coefficientof x @
If a quadratic polynomial is p(x) = ax’ + bx + ¢, then
— (Coefficient of x) _—b
Coefficient of x* T a
Constant term

Product of zeroes = 3 =L .
Coefficient of x* @

Sum of zeroes =

!
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14, If a cubic polynomial is p(x) = ax® + bx% + cx + d, then

— (Coefficient of x?) _—b
Coefficient of x® a
Sum of the product of zeroes taken two at a time

Sum of zeroes =

_ Coefficientof x _ ¢
Coefficient of 2 @

Product of zeroes = — (Co t term) =i .

Coefficient of x* a

15. If one polynomial p(x) is divided by the other polynomial

&) # 0, then the relation among p(x), g(x), quotient g(x)
and remainder r(x) is given by

px) = glx) x glx) + r(x), where degree of r(x)
< degree of g(x).
Le., Dividend = Divisor x Quotient + Remainder

16. A linear polynomial has at most 1 zero.
17. A quadratic polynomial has at most 2 zeroes.
18. A cubic polynomial has at most 3 zeroes.

TEXTBOOK QUESTIONS SOLVED

Exercise 2.1 (Page — 28)

1. The graphs of y = p(x) are given in figure below, for some

polynomials p(x). Find the number of zeroes of p(x), in each
case.
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) (i)

Sol. (i) As the graph of polynomial does not meet x-axis, so
the polynomial has no zeroes.

(1) As the graph of polynomial cuts (meets) x-axis only
once, so the polynomial has exactly one zero.

(@) As the graph of polynomial cuts (meets) x-axis thrice,
so the polynomial has three zeroes.

(fv) As the graph of polynomial cuts (meets) x-axis twice,
so the polynomial has exactly two zeroes.

() As the graph of polynomial cuts (meets) x-axis four
times, so the polynomial has four zeroes.

(vi) As the graph of polynomial cuts (meets) x-axis three
times, so the polynomial has three zeroes.
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Exercise 2.2 (Page — 33)

1. Find the zeroes of the following quadratic polynomials and
verify the relationship between the zeroes and the

coefficients.
D22 -2x-8 ()45 —4s + 1 (i)ebx® -3 - 7x
Gv) 4u® + Su e -15 W) 822 —x -4

Sol. (i) Consider polynomial 2% — 2x — 8 = (x — 4)(x + 2)
For zeroes,x —4=0,x+2 =10
= x=4,-2
Zeroes of the polynomial are 4 and — 2.
Sum of zeroes =4 + (— 2) =2

_ —(=2) _ —Coefficient of x
1 Coefficient of x*
Product of zerces =4 x (- 2) =~ 8
_ -8 _ Constant term
1 " Coefficient of «*

Hence verified.
() Consider po]ynomm_l 45 —4s + 1 = (25 — 1)?
For zeroes, 4s® —4s + 1 =0

2s-17=0
1
= 28-1=0 = s=—.
2
. . 1 1
Polynomial has equal zeroes, i.e., 3 and rh
4
Sum of zeroes = l + l =1= =
2 2 4
_ (-4) _ _ Coefficient of s
4 Coefficient of s*
Product of zeroes = l . —1— = l = Co t term .
2 2 4 Coefficient of s

Hence verified.
() Consider polynomial 6x* — 3 — 7x =622 — 7Tx — 3
=6x>—9x +2x — 3 =3x(2x — 3) + 1(2x - 3)
=2x - 3)3x + 1)
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For zeroes, 2x —- 3 = 0,'3x +1=0.

= X = § - 1
2’ 3
= Zeroes of polynomial are % and — —;—
3 1 7 -(=7
Sumofzeroes:E 38> 8
Coefficient of x
~ " Coefficient of x®
Product of zeroes = 3 x b
2 3
-1 -3 Constant term
T 2 T 6 " Coefficientof2®
Hence verified.
(iv) Consider polynomial 4u? + 8u = 4u(u + 2).
For zeroes, duu + 2) =0
= u=0o0ru+2=0

Zeroes of the polynomial are 0 and — 2.

Sum of zeroes = 0 + (- 2) = -2 = :4—8

— Coefficient of u
Coefficient of i

o

Product of zeroes = 0 x (- 2) =0 =

_ Constant term
" Coefficient of u?
Hence verified.

(v) Consider polynomial £ — 15 = (¢t — 15 )¢ + f15)
For zeroes, (t —/15) (¢ +/15)=0
= t—f15 =0,£+ 15 =0
= t=.15, t=- 15
Zeroes of the polynomial are /15 and — 15.
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Sum of zeroes = 15 + (- J15) =0

_ 9 _ CoefTicient of ¢
- 1 Coefficient of ¢
-15
Product of zeroes = ({15) (~ \15) = — 15 =7
= Constant t.ermz Hence verified.
Coefficient of £

(vi) Consider polynomial 8x% —x — 4 = 8x* —4x + 8x — 4
=x(B8x -4+ 18x-4) = + D(3x - 4)

For zeroes, x+1Bx-4)=0
= x+1=0,8x-4=0

L
= x=-13

4
Zeroes of the polynomial are — 1 and 3

4 1 --D
Sumofzeroes——1+3_3_— 3
Coefficient of x

" 7 Coefficient of x%

4 -
Product of zeroes = (— 1) (E) = —34-
_ Constant term
Coefficient of x%
Hence verified.

2, Find a quadratic polynomial each with the given numbers
as the sum and product of its zeroes respectively.

1 1
@ 7, -1 @ V2, 3 @) 0, V&
. 1 1 .
(tv) 1, 1 (v) - 7 2 i) 4, 1.
Sol. (i) Let polynomial be f(x) = ax® + bx + ¢ (@)
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@)

(i)

Sum of zeroes =— == — =— o 1))

c
Product of zeroes =-1=— = > N ¢77))

From equations (i) and (iii), we get
e=4,b=-1,c=-4,

Substituting these values in equation (i), we get

Polynomial f(x) = 4x* — x - 4.

We can have infinite such polynomials as f (x) = k(4x>
—x — 4), k is a real number.

Let polynomial be f(x) = ax® + bx + ¢ (D)
Sum of zeroes = 2 = - g—_@
__b i)
a
1 c
Product of zeroes =37 (D)
a

From equations (ii) and (iii), we get

a=3,b=—3\/§,c=1.
Substituting these values in equation (i), we get

Polynomial f(x) = 8x - 3J2x + 1.
or f(x)=k(B8x%-3v2x + 1), k is a real number.

Let polynomial be f(x) = ax® + bx + ¢ (@)

Sum of zeroes =0=- w = - é (D)
1 a

Product of zeroes = \/t'_) = ilg— = % .2

From equations (ii) and (iii), we get

a=1,b=0,c= \/g
Substituting these values in equation (i), we get

Polynomial f(x) = x2 + 5.
or f(x)=k(x®+ \5), k is a real number.
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(iv)

)

(vi)

Let pelynomial be f(x) = ax’ + bx + ¢
-1

Sum of zeroes =1 -1

1.
- =

Qo

I

Product of zeroes 1

Il

n
=

c

T @

From equations (i) and (iii), we get
a=1,b=-1c=1

Substituting these values in equation (i}, we get

Polynomial f(x) = -z + 1

or f(x) = k(x?-x +1), k is a real number.

Let polynomial be f(x) = ax® + bx + ¢

Sum of zeroes = — 2

1
4

|

1
Product of zeroes ==L
4 a

From equations (i) and (@ii), we get
e=4,b=1c=1

Substituting these values in equation (i}, we get

Polynomial f(x) = 42 + x + L.

or f(x)=k(4x? +x + 1), k is a real number.

Let polynomial be f(x) = ax® + bx + ¢

Sum of zeroes =4 =——" ===
a

Product of zeroes =1= = %

From equations (i) and (iii), we get
a=1,b=-4,c=1

Substituting these values in equation (i), we get

Polynomial f(x) = 2* — 4x + 1.

or [(x)= k(x® — 4x + 1), & is a real number.
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Exercise 2.3 (Page — 36)
1. Divide the polynomial p(x) by the polynomial g(x) and find
the quotient and remainder in each of the following:
G) plx}) =2 -3 + 5x -3, glx) = - 2
G) plx) =2* -3 + dx + 5, g(x}) =2 + I - x
(i} p(x) = ¥ - 5x+ 6, g(x) =2 -~
Sol. () p(x) = x® — 32 + 5x - 3 and glx) = x* — 2

x—3
2 —92 | x—_ 342 + 5x — 3 First term of quotient is
— f— x
- + =
— 824+ Tx-3 Second term of
— 322 +6 quotient is
+ - _ 2
3x __3
Tx - 9 x*
We have quotient g(x) = x — 3 and remainder r{x) = Tx
-9
G) px) =x* — 8x® + dx + 5, gx) = 2> + 1 — x.
22+x-3

2 —x+1 3%+ 4x+ 5

2

First term of quotient
x4 2% -3

4

b - + =-:‘:—-=J’,‘2
2
3
x3 B 41: +4+5  gecond term of quotient
¥ - 2+ .
- + - =x—=x
-8 +3x+5 «*
— 942 4+ 3¢ — 3 Third term of quotient
+ -+ —3x% 3
= ) = -
8 x

Quotient g(x) = 2> + x — 3; remainder r(x) = 8.

(i) plx) =x* —Bx + 6, glx) = 2 — «°
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-2 -2
-22+2| 2*-5x+6 First term of quotient
4
x — 222 2,
— + = _ x2 =—-X
2c — 5x + 6 Second term of quotient
222 -4
- + = 2x22 =-2
‘ -x
— 8x + 10
Quotient g(x) = — 22 — 2,
remainder r{x) = — 5x + 10.

2. Check whether the first polynomial is a factor of the second

polynomial by dividing the second polynomial by the first
polynomial;

@2 -3 262 +353-22_9¢t— 12
) 2®+3x+ 1,32 + 55— 72 + 22 + 2
Gii) 2 -3x + 1, 2° - 48+ 22+ 3x + 1.

Sol. () Let p(t) = 2t* + 33 — 24> — 9t - 12, g(t) = 2 — 3
Let us divide p(2) by g(¢)
26 + 3t + 4
£ -3 2*+ 3" 229 — 12 First term of quotient
ot - 62 4
~ + = Ettz— = 21
3t3 + 4% -9 - 12 gSecond term of quotient
3¢3 -9t 33
- + = tiz =3t
442 - 12
Thir i
4% 19 d term2 of quotient
B + = 4—t— =4
12
0

Here, quotient q(#) = 2> + 3¢ + 4, remainder r(t) = 0.

As remainder is 0. Hence, ¢ — 3 is a factor of the
polynomial

2 + 362 — 22 — 98 — 12.
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(#) Let us divide second polynomial
plx) = 3x* + Bx® — 7a® + 20 + 2 by qlx) =2+ 3x + 1.

3t —dx + 2
2%+ 8x+ 1| 3x* + 523 — 7% + 2x + 2 First term of quotient
32t + 923 + 3x2 4
- = S
2
— 42% - 102" + 2x + 2 Second term of quotient
— 4x° — 122 — 4x — 453
+ + + = 1'2 =—4t
2% + 6x + 2 Third term of quotient
2% + 6x + 2
- _ _2a
=5 =
0

Here, quotient g(x) = 3x? — 4x + 2,
remainder r(x) = 0
We have 3x* + 52% — 722 + 2¢ + 2
=(x®+3x+ 1DBx2-4x +2)+ 0
As remainder is zero. Hence, first polynomial is a
factor of the second polynomial.
@) Let px) =2 —42® + 2 + 3x + 1, gx) =2 - 8x + 1
Let us divide p(x) by g(x).

L |
22— 8x+ 1| 2°—44® + 2%+ 3x + 1 First term of quotient
x5 — 323 + 22 £
-x®+ 3+ 1 Second term of quotient
-+ 31 g
+ - + = xa =-1
2

Here, quotient g(x) = x*> — 1, remainder r(x) = 2

As remainder is not zero.

Hence, x® — 3x + 1 is not a factor of x® — 4x® + x2

+3x + 1.
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8. Obtain all other zeroes of 3x* + 6x° — 2x% — 10x - 5, if two

of its zeroes are JE and — JE .
3 3

Sol. Two zeroes of polynomial 3x* + 6x® — 2x*> — 10x — 5 are

x=\/§andx=— é
3 3

o (32 - J5) and (J3x + JB) are factors of the
polynomial
3x* + 62 — 2¢* - 10x - 5

= (\/§x - \/g)(\@x + J5) = 3x® — 5 is a factor of the

3% -5

p

olynomial

3t + 62 - 202 - 10x - 5

Let us use division algorithm to find other zeroes.
Dividing 3x* + 6¢® — 2¢% — 10x — 5 by (32 - 5)

2+2x+1

3x* + 6x® — 2x* — 10x — 5 First term of quotient
3x* — Bt

3« 9
- * T
6x® + 3x% — 10x —~ 5 Second term of guotient
6x3 — 10x 3
6
- N =2 -
3x
3 -5 Third term of quotient
3 - 5 3x?
0

By division algorithm, we have
3x% 4+ 6x% — 222 — 10x - 5 = (3x2 - 5)(x%* + 2x + 1)

= (32% - B)x + 1)

Other zeroes of the polynomial are — 1, — 1.

[By using x + 1 = 0]
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Hence, zeroes of the polynomial

3x* + 62° - 2¢% ~ 10x — 5 are

-

4. On dividing x° — 32° + x + 2 by a polynomial g(x), the
quotient and remainder were x — 2 and - 2x + 4,
respectively. Find g(x).

Sol. We have p(x) = 23 - 32% + x + 2, glv),
g{x) =x — 2 and r(x) = - 2x + 4.
Using division algorithm, we have

plx)=glx) x glx) + r{z)

= 2 -3 +x+2=g(x) x (x —2) + (- 2x + 4)
= 2 -3 +x+2+ 2 —4=8x) x (x - 2)
= gx) x (x —2)=x*-322 + 3x - 2
3 2
-3x°+3x-2
)= = x° + 3x
x—2
2 -x+1
3
x-2| -8 +3x-2 First term of quotient
%3 - 2x2 3
x
pa— + = - =
x
~ %+ 3% -2 Second term of quotient
—x + 2 .
+ - -.=_x = —Xx
- x
x—2 . .
Third term of quotient
x -2
- 4 =X_1
x
0

Hence, g{x) = x> — x + 1.

B. Give examples of polyromials p(x), g(x), q(x) and r(x), which
satisfy the division algorithm and

(D) deg p(x) = deg q(x) (i) deg q(x) = deg r(x)
(i&t) deg r(x) =0
Sol. (i) Let p(x) = 3x% + 6x — 11 and g(x) = 3
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Then q(x) = x> + 2x — 3, r(x) = — 2
Here, deg p(x) = deg g(x)
(@) Let p(x) = x° + 622 + Bx and g(x) = x% + 2
Then g(x) = x + 6, r(x) = —x — 12
Here, deg q(x) = deg r(x).
(@) Let p(x) = 8x® + 5> —6x + Tand glx) = x — 1
Then q(x) = 32® + 8x + 2, r(x) = 9
Here, deg r(x) = 0
Note: Each of (), (if) and (iii) has several examples.

Exercise 2.4 (Page — 36-37)

1. Verify that the numbers given alongside of the cubic
polynomials below are their zeroes. Also verify the
relationship between the zeroes and the coefficients in each
case:

1
@ 22 + 22 - 5x + 2 5 1, -2

@) 2 -4x® +5x-2;2,1, 1
Sol. () Let p(x) = 2x3 + x* - 5x + 2

1

If 37 1, — 2 are zeroes of p(x), then

p(l) =0, p(1) =0 and p(— 2) = 0.

2
Let us verify.
o] « (L] -5 x L 42
=2|5] +|g] “8x5 ¢+

]
Fammmmn N
N | =
|
I

2 1 5
—-§+4—2 + 2
_ 2+2-20+16 _ 9 -0
- 8 -8

p=21P+ (1P -51)+2=2+1-5+2=0.
P2 =2(-2P + (2P -5 x(-2)+2
=-16+4+10+2=90
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1
Hence, we can say o = 3 Bp=1,v=- 2 are zeroes
of p(x).
Relationship:
1 1 1
a+B+7=§ +1-2 =§ —1=—§
_ — Coefficient of x*
Coefficient of x°
1 1
aB+B7+*{a=§ x1+1x(-2)+(2)x 2
1 5 -5
=§ +(—2)_1—_§ = —
_ Coefficient of x
"~ Coefficient of x°
1 (2)
and a[}y-lex(—Z)_—l—— )
3 Constant term
" Coefficient of x®

Hence, relationship is verified.
@) Let g(x) = 23 — 4x% + 5x — 2

If 2, 1 and 1 are zerces of g(x), then ¢(2) = 0 and

q(1)=0.

Let us verify.

Now ¢(2) = (2P - 422+ 5(2)-2=0=8-16+10-2=0
g =P -4 +5(1)-2=1-4+5-2=0

Hence, verified.

Leta=2,p=1,y=1.

Relationship:

Sum of zeroess =a + B+y=2+1+1=4
_ 4 Coefficient of x°
- 1  Coefficient of

Sum of product of zerves taken in pair
=ofp+Py+y=2+1+2=5
5 Coefficient of »

1 Coefficient of x*
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-2
Product of zeroes = affy = 2 = % = — %
Constant term
Coefficient of x*

Hence, relationship is verified.

2. Find a cubic polynomial with the sum, sum of the product
of its zeroes taken two at a time, and the product of its zeroes
as 2, — 7, — 14 respectively.

Sol. Let polynomial be f(x) = ax® + bx®> + cx + d (@)
Let o, P and y be the zeroes of the polynomial
Given, a+pPp+y=2-= -2 = - 5 .(@0)
1 a
7 =7 ¢ i)
aﬂ+|3»y+'ya_.._ = 1 =a ...(uz

14
afy=-14 = — T ()

From (i), (iii) and (iv), we have
a=1,b=-2,¢c=-7,d = 14.
Substituting these values in (¢), we get
flx) =x% - 2¢% - Tx + 14
or fx) = k(x®~ 2¢* — Tx + 14),
where k is a real number.
3. If the zerces of the polynomial x* — 3¢ + x + 1 area - b, q,
a+b, find a and b.
Sol. Let the given polynomial be Ax® + Bx2 + Cx + D
Here, A=1,B=-3,C=1,D=1
Zeroes are a — b, a and a + b.

B
Sum of zeroes = — A
= a-b+a+a+b=3

= 3a =3 = a=1

Product of zeroes =~%

1

= (¢1~b)a(a+b)=_I

= 1-5.1.1+b)=-1
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= 1- 62 =—1
= B2=2 = b=t .2
Hence, 2 =1, b =+ 2.

4. If two zeroes of the polynomial x? — 6% - 262% + 138x

~ 85 are 2 + /3, find other zeroes.
Sol. Given polynomial p(x) = x* — 62° — 26x® + 138x — 35

Astwozeroesarex=2iJ§.

So, fx — (2 + V3)} {x — (2 — V/3)} is a factor of p(x).
ie, (x2—4x+ 1)is a factor of p(x).

%% - 2x - 35 .
First term of
2 -4dx+1| x*—6x°— 26x% + 138 - 35 quotient
2t — 42 + 22 4
. - =E -2
x*
- 2x% — 27x% + 188x - 35  Second term of
— 93 4 82 - 2 quotient
+ - + —2y8
= 2x =- 2x
~ 3522 + 140x — 35 x*
— 35x% + 140x — 35 Third term of
+ _ i quotient
~385%”
0 == =-3

px) = (& — 4x + 1)x* — 2x — 35)

For other zeroes, x> — 2x — 35 = 0.

22— Tx +5x—35=0

x -1 +5x-7=0

x+8)=x-7=0

x+5=0,x-7=0
x=-5,7

Hence, other zeroes are — 5 and 7.

5. If the polynomial x* — 6x° + 16x* — 25x + 10 is divided by
another polynomial x® — 2x + k, the remainder comes out
to be x + a, find k and a.

|1 AT
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Sol. When x* — 6x® + 16x% — 25x + 10 is divided by x% — 2x
+ k, remainder is x + a.

Using division algorithm,

xt—6x° + 1667 — 25x + 10 = (22 ~ 2x + B) q(x) + (x + a),
where g(x) is quotient.

= x* - 62% + 16x% — 26x + (10 — @) = (% — 2x + %) q(x)
= 2% — 2¢ + & is a factor of x* — 623 + 16x% — 26x + (10

- a). First term
¥ -4r+ 8- of quotient
x? - 2x + k| x* ~ 6 + 164% - 26x + (10 ~ @) £
xt — 2% + ba? =2 = x*
-+ = : Second term
- 4x° + (16— kx? —26x + (10 —a) of quotient
~ 42+  8x® - dkx i
+ - + = “:
X
(8 — kx* — (26 — 4k)x + (10 - a) - dy
_(8—k)x2:(16—2k)xi(8-k}k Third term
of quotient
(— 10 + 2k)x + (k%> — 8k + 10 — @)
(8 - b)x?
= T
=8 —Fk)
As remainder is zero,
(10 +2k)x + k® -8k + 10 —a) =0
~10+2k=0and k* -8 +10-a =0
= k=5and 25—-40+10-a =20
= k=5anda =- 5.
09
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